ABSTRACT: In the present paper, thermomechanical attributes of a power-law graded uniform mounted disc with or without rigid casing are investigated analytically under centrifugal and steady-state thermal loads within the framework of axisymmetric infi nitesimal plane-stress elasticity theory. Young's modulus, material density, thermal expansion coeffi cient and thermal conductivity are all assumed to be constantly changed in the radial direction with different inhomogeneity indexes while Poisson's ratio is kept constant. Two parametric studies are conducted by both hypothetically and physically chosen metal-ceramic pairs namely nickel-silicon nitride (Ni-Si 3 N 4 ), aluminum-aluminum oxide (Al-Al 2 O 3 ), and stainless steel-zirconium oxide (SUS304-ZrO 2 ).
INTRODUCTION
Aft er making the scene in Japan in the late 1980s, functionally graded materials (FGM), which have exceptional gradually changing mechanical and thermal properties along the favored directions of the structure, have gained great attention from scholars. Th e considerable number of studies has focused on the investigation of the elastic behavior of many types of FGM structures subjected to various loads and conditions. Th ose studies cover also disks as a basic structural element of diverse mechanical applications such as disk brakes, fl ywheels, gears, circular saws, hard disks, gas and steam turbine rotors, internal combustion engines, centrifugal compressors, and aerospace structural components. A disk or a circular annulus may simultaneously be subjected to centrifugal, pressure, thermal, magnetic, electrical and whatnot forces. Th e literature closely related to the theme of the present study is outlined forward.
Research related to only centrifugal force eff ects on elastic behavior of FGM discs is of the top priority in the open literature. Horgan and Chan (1999a) analytically examined the eff ects of material inhomogeneity on the response of power-law graded solid circular disks or cylinders, rotating at constant angular speeds. By employing a direct numerical integration and the finite element method, Durodola and Attia (2000) researched elastic fi elds in FG rotating disks. For exponentially graded uniform rotating annular disks under combinations of clamped and free boundary conditions, an elastic solution in terms of Whittaker's functions were presented by Zenkour (2005) . Zenkour (2007) later handled a rotating FG annular disk with rigid casing. Eraslan and Akış (2006) exercised a parabolically varying thickness disk made of FGMs. Generalizing an available two-dimensional planestress solution to a three-dimensional one, Asghari and Ghafoori (2010) Combined eff ects of magnetic and thermal loads on the elastic behavior of exponentially graded uniform annular discs were considered by Zenkour (2014) . Zenkour (2006) also proposed an analytical solution in terms of Whittaker's functions for exponentially graded uniform rotating annular disks under steady-state thermal and centrifugal loads. By dividing the radial domain into some virtual sub-domains, Kordkheili and Naghdabadi (2007) presented a semi-analytical solution for a thin axisymmetric uniform rotating traction-free disk made of FGM with power-law distribution of the volume fraction under centrifugal force and uniform thermal loads. By utilizing a fi nite element method, Go et al. (2010) demonstrated that a circular power-law graded free-free uniform cutter or grinding disk can be designed with better thermo-elastic characteristics if certain parameters are controlled properly. A finite element model based on the variational approach and Ritz method was developed by to study the thermoelastic characteristics due to a thermal load and rotation of a thin uniform circular free-free rotating disk having an exponentially-graded coating at its outer surface. Based on the 2-D thermoelastic theories, conducted a finite element analysis for the thermoelastic field in a thin circular exponentially graded Al 2 O 3 /Al disk subjected to a combined thermal and centrifugal loads. Afsar and Sohag (2010) considered the thermoelastic characteristics of a thin free-free disc having a FGM coating at the outer surface under thermal and centrifugal loads. Gong et al. (2014) used a fi nite volume method to study the 3-D thermoelastic analysis of FG uniform rotating discs. Th ey showed that the least square method achieves better performances than the Gaussian method but least square method costs slightly more iteration and computer memory under diff erent mesh types.
Th ermomechanical behavior of variable-thickness FGM disks under thermal and centrifugal forces were investigated by using quite a few numerical and analytical methods: an analytical method with hypergeometric fuctions (Vivio and Vullo 2007; Vullo and Vivio 2008; Vivio et al. 2014 ), a semi-analytical method in which the radial domain is divided into sub-domains having uniform properties (Bayat et al. 2009a; 2009b; 2009c; Hassani et al. 2011; 2012a; Mahdavi et al. 2013; Jabbari et al. 2016; Dai and Dai 2016 ), He's variational iteration method (Hassani et al. 2011 ), Adomian's decomposition method (Hassani et al. 2011 ), Liao's homotopy analysis method (Hassani et al. 2011) , Runge-Kutta's method (Hassani et al. 2011; 2012a; 2012b) , fi nite elements (Hassani et al. 2012b; Mahdavi et al. 2013; Jabbari et al. 2016) , the complementary functions method (Tutuncu and Temel 2013) , dynamic relaxation method combined with the finite diff erence technique (Golmakani 2013) , analytical methods (Çetin et al. 2014) , fi nite diff erence method (Amin et al. 2015) , and an approximate variational principle (Nayak and Saha 2016) .
Temperature-dependent material properties were also included into thermoelastic analysis of FGM non-uniform rotating disks by Bayat et al. (2009c) , Amin et al. (2015) , Mahdavi et al. (2016) , and Dai and Dai (2016) . Arani et al. (2010) and Bayat et al. (2014) studies cover combined eff ects of magnetic, thermal, and centrifugal loads on the elastic response of variable-thickness FG rotating discs based on a semi-analytical solution technique.
In the present study two types of disc are studied simultaneously: i) a disc mounted on a circular rigid shaft at its center having traction-free outer surface and subjected to both centrifugal and thermal loads (Fig. 1a) , ii) a disc mounted on a rigid shaft at its center having a rigid casing at the outer surface under both centrifugal and thermal loads (Fig. 1b) . Th ose discs are assumed xx/xx 04/25
to be made of both hypothetical and physical metal-ceramic pairs. A benchmark example, which was using only hypothetical inhomogeneity indexes for both infinite FGM cylinders (Jabbari et al. 2002) and FGM spheres (Eslami et al. 2005) , is to be rehandled originally with those discs in Figs. 1 and 2 in the present study. Then another parametric study is to be conducted originally where the discs are assumed to be made of three types of physical metal-ceramic pairs. Separate and combined effects of both mechanical and thermal loads are to be investigated.
DERIVATON OF NAVIER EQUATION
Consider a hollow disc of inside radius a, and outside radius b. Let's denote the radial and tangential coordinates by r, and θ, and use the prime symbol to indicate the derivatives with respect to the radial coordinate. Under axisymmetric plane-stress assumptions, the infinitesimal strain-displacement relationship for a disc is given by (Eq. 1) 
Now, it is time to determine the temperature distribution along the radial coordinate in a where u r is the radial displacement, ε r is the unit radial strain and ε θ is the unit tangential strain. Thermoelastic stress-strain constitutive relations for a FGM disc are used in the form of (Eq. 2) where σ r is the radial stress, σ θ is the hoop stress, α is the coefficient of thermal expansion, T(r) is the axisymmetric temperature distribution along the radial coordinate. The coefficients of unit strains in the above equations are defined as (Eq. 3)
where E is elasticity modulus and v is Poisson's ratio. The arithmetic mean of Poisson's ratios of ceramic and material is used and kept constant along the radial coordinate in the present numerical calculations. The equilibrium equation in the radial coordinate of a rotating disc with a constant circular velocity, ω, is (Eq. 4) where ρ is the material density. After substitution of Eqs. 1 and 2 into Eq. 4, Navier equation in general form is obtained as follows (Eq. 5) 
xx/xx 05/25
Now, it is time to determine the temperature distribution along the radial coordinate in a uniform disc, T(r). After applying Fourier heat conduction equation with the first law of thermodynamics, the following differential equation governing the axisymmetric temperature distribution along the radial coordinate may be derived in cylindrical coordinates for discs made of arbitrarily graded FGMs (Eq. 6).
(6) (7) (8) (9) (10) (11) (12) Now, it is time to determine the temperature distribution along the radial coord uniform disc, T(r). After applying Fourier heat conduction equation with the fir thermodynamics, the following differential equation governing the axisymmetric te distribution along the radial coordinate may be derived in cylindrical coordinates for disc arbitrarily graded FGMs (Eq. 6). The solution of Eq. 6 for isotropic and homogeneous materials, µ = 0, under boundary conditions takes the form of (Eq. 8)
distribution along the radial coordinate may be derived in cylindrical coordinates for discs ma arbitrarily graded FGMs (Eq. 6). The solution of Eq. 6 for isotropic and homogeneous materials, µ = 0, under the boundary conditions takes the form of (Eq. 8) The solution of Eq. 6 for isotropic and homogeneous materials, µ = 0, under th boundary conditions takes the form of (Eq. 8)
where k(r) is the non-uniform thermal conduction coefficient. Yildirim (2017b) The solution of Eq. 6 for isotropic and homogeneous materials, μ = 0, under the same boundary conditions takes the form of (Eq. 8)
Let's choose a simple power law grading rule with inhomogeneity indexes by β, q, and n (Eq. 9).
Let's choose a simple power law grading rule with inhomogeneity indexes by (Eq. 9).
Substitute Eq. 7 into Eq. 5. Then the governing equation called Navier equation second order non-homogeneous Euler-Cauchy differential equation with constant governs the thermomechanical behavior of such discs turns to be (Eq. 10)
where (Eq. 11)
Let's choose a simple power law grading rule with inhomogeneity indexes by β, q, an (Eq. 9). Let's choose a simple power law grading rule with inhomogeneity indexes by β, q, and n (Eq. 9).
Substitute Eq. 7 into Eq. 5. Then the governing equation called Navier equation, which is a second order non-homogeneous Euler-Cauchy differential equation with constant coefficients, governs the thermomechanical behavior of such discs turns to be (Eq. 10)
It is possible to find a closed form general solution (homogeneous + particular) to Navier It is possible to find a closed form general solution (homogeneous + particular) to Navier equation with constant coefficients as follows (Eq. 12) 
where (Eq. 13) Integration constants in the solution of Eq. 10 are determined under fixed-free boundary conditions (Fig. 1a) , ur(a) = 0 and σr(b) = 0, as (Eq. 14)
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Integration constants in the solution of Eq. 10 are determined under fixed-free boundary conditions (Fig. 1a) , u r (a) = 0 and σ r (b) = 0, as (Eq. 14) (14) (15) Δ m = + (2 + + ) + Integration constants in the solution of Eq. 10 are determined under fixed-free boundary conditions (Fig. 1a) , ur(a) = 0 and σr(b) = 0, as (Eq. 14)
Integration constants in the solution of Eq conditions (Fig. 1a) , ur(a) = 0 and σr(b) = 0, as (Eq.
Integration constants in the solution of Eq. 10 are determined under fixed-free boundary conditions (Fig. 1a) , ur(a) = 0 and σr(b) = 0, as (Eq. 14)
and under fixed-fixed boundary conditions (Fig. 1b) , ur(a) = 0 and ur(b) = 0 as (Eq. 15)
onditions (Fig. 1b) , ur(a) = 0 and ur(b) = 0 as (Eq. 15)
and under fixed-fixed boundary conditions (Fig. 1b) , u r (a) = 0 and u r (b) = 0 as (Eq. 15)
If the disk material is homogeneous and isotropic, then Eq. 10 gives the elastic fields under fixed-free boundary conditions as (Eq. 16) (Yildirim 2017c) (15)
If the disk material is homogeneous and isotropic, then Eq. 10 gives the elastic fields under fixed-free boundary conditions as (Eq. 16) (Yıldırım 2017c)
If the disk material is homogeneous and isotropic, then Eq. 10 gives the elastic fields under where (Eq. 18)
EXAMPLES WITH HYPOTHETICAL FGMS
Let's begin with Jabbari et al. (2002) and Eslami et al. (2005) ( 17c) where (Eq. 18)
Let's begin with Jabbari et al. (2002) and Eslami et al. (2005) benchmark example data by adding ω. They studied the thermomechanical analysis of both traction-free cylinders (Jabbari et al.
Let's begin with Jabbari et al. (2002) and Eslami et al. (2005) benchmark example data by adding ω.
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They studied the thermomechanical analysis of both traction-free cylinders (Jabbari et al. 2002) and spheres (Eslami et al. 2005) , which are subjected to both internal pressure and surface temperature differences. In the present study the same example is to be solved originally for mounted disks (Fig. 1 ). Let's assume that the homogeneity indexes are to be all the same, -3 ≤ β = q = μ = n ≤ 3. Based on von-Mises failure criterion, equivalent stress is defined by (Eq. 19) mounted disks (Fig. 1 ). Let's assume that the homogeneity indexes are to be all the same, -3 ≤ β = q = µ = n ≤ 3. Based on von-Mises failure criterion, equivalent stress is defined by (Eq. 19)
Some of the results are presented in Tables 1 and 2 • As the inhomogeneity indexes change from negative to positive, the elastic fields get higher.
• The maximum radial displacement is at the outer surface, and it increases with increasing r/a ratios under fixed-free boundary conditions.
• The maximum radial stress is at the inner surface, and it decreases with increasing r/a ratios.
• All the stresses, except the hoop stress due to thermal loads, are in tension.
• The maximum hoop stress is mostly at the inner surface.
• The radial thermal stresses for fixed-free boundary conditions are completely in tension.
• Effects of the thermal loads on the hoop stresses are significantly higher than those on the radial ones under fixed-free surfaces.
• The maximum equivalent stress is located at the inner surface and decreases with increasing r/a ratios. Tables 1 and 2 . It is worth noting that, for the disks made of isotropic and homogeneous materials, β = q = n = μ = 0, Eqs. 16 and 17 are used in all examples instead of Eq. 12 for FGM discs. Variation of the dimensionless elastic fields with the inhomogeneity index for fixed-free and fixed-fixed boundary conditions are presented in Figs. 2 and 3 . Figure 2 implies that As the inhomogeneity indexes change from negative to positive, the elastic fields get higher.
•
The maximum radial displacement is at the outer surface, and it increases with increasing r/a ratios under fixed-free boundary conditions.
The maximum radial stress is at the inner surface, and it decreases with increasing r/a ratios.
•
The maximum hoop stress is mostly at the inner surface.
The maximum equivalent stress is located at the inner surface and decreases with increasing r/a ratios. Table 2 . Variation of the dimensionless equivalent stress under individual and combined loads for mounted rotating disks and β = 2, -2.
Fixed-free Fixed-fixed Figure 3 suggests that
The maximum radial displacement is at the vicinity of the mid-surface.
The maximum radial stress is at the outer surface under individual centrifugal and combined loads. Magnitudes of the radial stresses are much greater than the hoop stresses under rotation.
• Both individual radial and hoop stresses due to rotation are in tension-compression character.
The maximum hoop stress is at the outer surface under individual thermal, individual centrifugal and combined loads.
• The radial thermal stresses are in compression under fixed-fixed boundary conditions. As stated before, for fixed-free boundary conditions they turn completely into tension.
The maximum equivalent stress is located at the outer surface. Positive inhomogeneity indexes offer the highest magnitudes. • The maximum radial displacement is at the vicinity of the mid-surface.
• The maximum radial stress is at the outer surface under individual centrifugal and combined loads. Magnitudes of the radial stresses are much greater than the hoop stresses under rotation.
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EXAMPLES WITH PHYSICAL FGMS
In the present work three types of functionally graded materials (FGMs) are considered to study the thermomechanical behavior of such discs under centrifugal and steady-state thermal loads. Constituent material properties have been given in Table 3 for nickel-silicon nitride (Ni-Si 3 N 4 ), aluminum-aluminum oxide (Al-Al 2 O 3 ), and stainless steel-zirconium oxide (SUS304-ZrO 2 ). The other properties are as follows: ; T a = 373 K; T b = 273 K; a = 0.5 m; b = 1.0 m. In this section, as opposed to the previous section, the inhomogeneity indexes are all to be determined under the assumption that the inner surface is to be full ceramic, and the outer is full metal (Eq. 20).
stated before, for fixed-free boundary conditions they turn completely into tension.
• The maximum equivalent stress is located at the outer surface. Positive inhomogeneity indexes offer the highest magnitudes. xx/xx 14/25
As seen from Eq. 20, the numerical values of inhomogeneity indexes depend on the disc aspect ratio, a/b, as well as the metal and ceramic properties located individually at both surfaces. If the full metal is placed at the inner surface, the sign of the inhomogeneity indexes will all change. The positive inhomogeneity index means an increase in the related property from the inner surface towards the outer.
Tables 4 and 5 include some numerical results for the elastic fields of the example with physical FGMs under fixedfree and fixed-fixed boundary conditions.
Variation of the radial displacement, radial and hoop stresses with homogeeous/inhomogeneous material types and boundary conditions along the radial coordinate are presented in Figs. 4 to 6.
Let's consider Fig. 4 .
• The characteristics of three types FGMs are close to the characteristics of individual ceramic constituent under all types of loads and fixed-free boundary conditions. This observation is valid only for the radial displacements of the mounted disc with rigid casing made of Ni/Si 3 N 4 .
• The radial displacements build up as r/b increase under all load and material types for mounted discs with traction-free outer surface.
• In these examples, the individual thermal effects become more significant than the centrifugal ones since the surface temperature difference is assumed to be much higher.
• Ni/Si 3 N 4 has the smallest radial displacements due to thermal loads, compared to the other two FGMs, while Al/ Al 2 O 3 has the highest ones.
•
The maximum radial displacement due to the rotation takes the smallest value for Al/Al 2 O 3 under two boundary conditions.
• SUS304-ZrO 2 seem to be the best for the radial displacements due to combined loads under two boundary conditions. If the radial stresses in Fig. 5 are considered, it is observed that the characteristic of thermal and thermomechanical behaviors of Ni/Si 3 N 4 is very close to the characteristics of individual Ni under fixed-free boundary conditions. This is observed between the radial centrifugal stresses of the discs made of either Ni/Si 3 N 4 or individual Ni under fixed-fixed boundaries. Maximum individual thermal, individual centrifugal, and combined radial stress are observed at the inner surface for all FGM discs under fixed-free boundary conditions. However, the individual thermal and combined radial stress distribution is almost uniform for FGM discs under fixed-fixed boundaries.
From Fig. 6 it is observed that, for all FGM discs and under two boundary conditions, thermal and combined hoop stresses are completely in compression. Under individual centrifugal loads, hoop stresses in fixed-fixed FGM discs may be either compression or tension while those stresses are totally in tension for fixed-free boundary conditions. The variation of the combined hoop stresses in fixed-free disc made of SUS304/ZrO 2 material is almost uniform. This may be observed for discs made of Ni/Si 3 N 4 under fixed-fixed boundary conditions. 
CONCLUSIONS
The present study is bound up with an analytical thermomechanical analysis of mounted rotating uniform power-law graded discs with or without rigid casing at the outer surface. It presents closed form solutions together with two parametric studies under individual and combined mechanical and thermal loads. The first parametric study, in which centrifugal force effects are circumstantial when comparing to the thermal load effects, deals with an investigation of the effects of inhomogeneity indexes on the elastic fields of such discs. The second one considers three FGM discs made of physical metal and ceramic pairs. In this example, the thermal loads are essential compared to inertia forces. Some remarkable conclusions of the two parametric studies are achieved.
Generally speaking, in some applications, although the effect of thermal loads is negligible compared to inertia forces, it may be of equal or more importance in others. Closed-form formulas proposed in the present study may be helpful to get a concrete idea for specific applications.
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